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Abstract 


The state space analysis technique is emploj^ed to investigate the dc-to-dc 
Buck-Boost Converter. This technique reveals two distinct families of state 
trajectory. The use of these state trajectories, for studying the dc-to-dc pow'er 
converters has been shown to be a valuable method for analysis. A method 
has been proposed to simulate the state trajectories and find their intersection. 
The analysis carried out with these trajectories results in performance curves of 
the converter. The normalized performance curves have been obtained, which 
can be used for variety of converter operations. Further a design example based 
on these performance curves has been given. Finally the converter operation 
under three different control strategies has been studied. Also the computer 
simulated response of controllers based on these strategies has been presented. 
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Chapter 1 


Introduction 


The power converters and inverters are major building blocks in modern power 
electronics equipments. These systems are highly nonlinear in nature and are often 
classified as ’switched’ linear system. In recent years increasingly more attention 
has been given to analysing, simulating and understanding principle of operation of 
these systems. In this respect the variety of mathematical analysis and computer 
simulation techniques are available for quantitative analysis. 

However, in addition to the detail quantitative analysis, it is often useful to 
examine a nonlinear system in a qualitative manner. This enables the conceptual 
visualization of system nonlinearities. One such approach to study the switched 
linear system which enables a useful visualization of overall system behaviour is state 
space approach. This approach can reveal the qualitative insight into fundamental 
nature of the operation of system.. It is also an effective tool to study the behaviour 
of the system, both in steady state and transient condition. In this thesis, the 
Buck- Boost converter will be considered, to study and illustrate the concept of this 
technique. 


1 
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1.1 Scope of the Thesis 

The basic Buck-Boost converter has two distinct modes of operation for continuous 
current conduction operation. These modes depend upon the state of switch(S) 
and diode(D). The normal method of analysis involves the solution of differential 
equations of these modes in time domain. However, the resulting time domain 
analysis can not provide the design information. Therefore the state space analysis 
method has been used. The procedure involved in analysis of the converter using 
state space technique can be broadly described as follows 

A) Development of state space representation of converter system. 

The basis of state space analysis is the portrait of a converter system in state 
space. The state space representation of converter operation results in the two 
distinct families of curves which are generally known as system state trajecto- 
ries. The understanding of these trajectories and knowing how they vary with 
changes in system parameters and externally imposed operating conditions 
reveals certain fundamental characteristics of converter system. The values 
of inductor current (/£,n(0)) and capacitor voltage(Vc'n(0)) have been used to 
generate family of state trajectory in these two modes. 

B) Analysis of steady state behaviour of converter 

The analysis of the converter has been carried out with the help of these 
families of state trajectory. During steady state operation, the system state 
traverses a closed loop consisting of one trajectory corresponding to each mode 
of operation. Hence the analysis of converter requires the study of intersection 
of two families of state trajectory. A method has been proposed to simulate 
the state trajectories and find their intersection. The performance curve for 
the entire range of converter operation has been obtained from the result of 
the above method. This approch enables one to examine the relative merits 
and demerits of various operating conditions. The comparative study carried 
over entire range of operation can be utilized for successful design of converter 



CHAPTER 1. Introduction 


3 


system 

With these performance curves, converter operations under diffrent operating 
conditions can be visualized. In addition, the ability of state space representation 
to observe the movement of the system state is the key factor in transient study of 
converter. This can reveal the complete understanding of the manner in which var- 
ious control techniques accomplish their task. Hence the theoratical insight gained 
through this analysis can be used to postulate various control strategies which will 
improve the system performence. 

1.2 Organization of the Thesis 

The basic circuit used for this purpose has been introduced in Chapter 2. In sections 

2.2 to 2.4, the converter has been represented by a state equation model and the 
time domain analysis has been studied. The sections 2 5 & 2.6 contain the 

state space analysis of the converter. 

In Chapter 3, various algorithms used for analysis of steady state behaviour of 
converter have been discussed. The performance curves obtained from the detailed 
analysis have been presented in section 3.2. A design procedure based on the per- 
formance curves has been proposed in section 3.3. 

The operations of the converter under three control strategies have been simu- 
lated in Chapter 4. These strategies are 

1. Input current limit and output voltage limit control 

2. Stored energy level control 


3. Trajectory law control 



Chapter 2 


State Space Analysis of Converter 


In study of DC-DC converter, state space approach can be an effective tool for 
indepth analysis, as well as it can reveal a better qualitative insight of converter 
operation. The basis of this approach is the representation of converter on a state 
space. For the conceptual development of this study technique, a Buck-Boost DC- 
DC converter can be selected. 

Section 2.1 describes the basic converter model and different modes of operation. 
In section 2.2, the converter has been represented by differential equation model (i. e. 
the state equation model) in different modes of operation. The normalization scheme 
for these state equations is discussed in section 2.3. The time domain representation 
of the converter system is given in section 2.4. This section also presents a method 
for simulation of the converter operation in time domain. The representation of 
the converter system in the state space is explained in section 2.5 along with the 
derivation of the equations of the state trajectories. Finally, the various features of 
the state trajectories are discussed in section 2.6. 

2.1 The Basic Converter 

The schematic diagram of Buck-Boost converter is presented in figure 2.1, where 
the effective series resistance of inductor(L) and capacitor(C) are shown by ri, and 
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rc, respectively. The switch(S) and diode(D) are assumed to be ideal. 



R 

(load) 


Figure 2.1: A basic buck-boost converter 


2.1.1 Different Modes of Converter Operation 

Due to the presence of the switching element(S), the converter is a discrete system. 
It has three dilferent modes of operation such as-- 

• Mode-1 Son and Doff 

• Mode— 2 Soff and Don 

• Mode-3 Soff and Doff 

The converter can be analysed as a system of three different circuits, corresponding 
to each mode. Figure 2.2 shows the equivalent circuit of the converter in these 
modes. 

During operation with continuous inductor current, one cycle of operation con- 
sists of mode-1 followed by mode-2. In discontinuous inductor current conduction, 
one cycle of operation is, mode-1 followed by mode-2 and then by mode-3. 

2.2 State Equation Model of Converter 

The converter behaviour (i. e. instantaneous state of the converter) can be described 
with the help of three sets of diffeiential (viuallons loinn'd by applying KCL and 
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Mode-1 Mode— 2 Mode— 3 

Figure 2.2: Equivalent circuit in different modes of converter operation 


KVL to the equivalent circuits shown in figure 2.2. Thus, by choosing the inductor 
current and capacitor voltage as state variables, the state equations for the converter 
can be written as follows. 


Mode— 1 {Son 3-iid Dqff) 


Mode— 2 


Mode— 3 


dvc 

vc 

dt 

{R + rc)C 

diL 

Vdc re 

dt 


SoFF 

and Don) 

dvc 

Vc 

dt 

{RPrc)C 

die 

Vc re , 

dt 

L 

SoFF 

and Doff) 

dvc 

Vc 

dt 

{R + rc)C 


= 0 


R 

0{R + rcA 


( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 

( 2 . 6 ) 
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2.3 Normalization Scheme for State Equations of 
Converter 


The state equations 2.1 to 2.6 have to be normalized for the purpose of generality 
and to facilitate relative comparison. The selection of various normalization factors 
(base quantities) will be done by considering the quantities such as, voltage drop 
accross the inductor, the current through the capacitor and output voltage. The 
normalization of these quantities can be carried out as shown below The symbols 
used with subscript ‘n’ and ‘b’ are used to denote the normalized and base quantities 
of the corresponding variables, respectively. 


Normalized voltage accross the inductor is given as 


VLn = 


Vi 

L dll 

Vb ' IT 




Let the Base impedance(Z6) be defined as ^ 
Therefore equation 2.7 can be written as 




L dii 


Zbib dt 

JL — flE 

Zf, dt \ Ib 
L di In 
Zb dt 


Let time ‘t’ be normalized as = T 
Therefore equation 2.8 can be written as 


'^Ln — rr 


L dlin dtn 
Zb dtn dt 
L diin 


(2.7) 


(2.8) 


Zb'tb dtfi 


(2.9) 
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Let us define the normalized inductor as 

Ln = — 

Zbh 

From equations 2.9 & 2.10 we can write 

r dljjn 

'^Ln — -^n * “TT 

dtffi 

• Similarly Normalized current through the capacitor is given as 

^ dvcn 

'^Cn — * j, 

dtji 

Where the normalized capacitor(Cn) is defined as 

tb 

• And the Normalized output voltage is given as 

VOn ~ Rn'^On 


( 2 . 10 ) 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 


(2.14) 


Where the normalized load resistance Rn is defined as 



The normalization scheme is chosen such that values of normalized input voltage, 
normalized inductor and normalized capacitor are unity and normalized time of 27r 
corresponds to undamped natural period of inductor-capacitor combination. 

This leads to the various normalization factors (base quantities) as follows 


• Base Voltage (Vb) = Vic 

• Base Current [If) = Vic\f^ 

• Base impedance [Zf) = 
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• Base time (tj) = \/LC 

Thus the normalization of the state equations 2.1 to 2.6 would result into the equa- 
tions given below. 

Mode— 1 {Son 3-nd Doff) 


dvcn 


1 

(2 16) 

dtfi 


{Rn + rcn) 

d%Ln 

diifi 

= 

1 '^Ln^Ln 

(2.17) 

Where 




rcn 




& rin 

— UL 
^ Zb 



Mode— 2 {SoFF 

and Don) 


dvQfi 


Rn (Rn + ’’Cn) 

(2.18) 

dt^ 


dljjn 

dtn 

= 

'^Cfi '^Ln'^Ln 

(2.19) 

Mode— 3 {SoFF 

and Dqff^ 


dvcn 


1 

(2.20) 

dt'fi 


{Rn + fCn) ^ 


z= 

0 

(2.21) 


The effective series resistances of inductor and capacitor can be neglected for 
the sake of simplicity and convenience of treatement. However, it should be noted 
that the validity of theoretical treatment developed does not depend upon nature 
of the component and can be extended to converter of arbitrary complexity. With 
this approximation, the equations 2.16 to 2.21 can be written as given below. 
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Mode— 1 {Son 3-iid Dqff) 


dv, 


Cn 


dtr 


Rn 


di 


Ln 


dtr, 


= 1 


Mode-2 {SoFF and Don) 


dvQn 

dtr, 


dz 


Ln 


dtr 


VCn 

Rn 


-VCr. 


+ *Ln 


Mode— 3 {SoFF and Doff) 


dvcn 

dtfi 

ii 


'>JCn 

Rn 


= 0 


( 2 . 22 ) 

( 2 . 23 ) 


( 2 . 24 ) 

( 2 . 25 ) 


(2 26 ) 
( 2 . 27 ) 


2.4 Time Domain Solution of The Converter 


The solution of these state equations would yield a time domain solution of circuit 
variables vcn and as given below. 


IMode — \{SoN and Doff) 


VOn = {v°Cn)one-^ ( 2 . 28 ) 

^Ln = {i)in)on+tn ( 2 . 29 ) 


Where 

{vcn)on and {iLn)on are initial conditions of vcn and , 
at the start of mode-1, respectively 
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Mode— 2 (SoFF and Don) The time domain solution in this mode has one of the 
three forms depending upon the value of per-unit load resistance(i?„) as given 
below. The detaialed solution and the calculation of constants Ay, By, A^, is 
given in appendix A. These constants are defined in terms of initial conditions 
of vcn and at the start of mode-2 {i. e. (uon)o// respectively). 

• For Rn < 1/2 

vcn = (2.30) 

iLn = (2.31) 

Where 

■^1 = “2^: + Vsfe" “ ^ 


• ForRr, = 1/2 

vcn = {Ay + Byt)e~*^ (2.32) 

^Ln = (A, -I- (2.33) 

• For Rn > 1 12 

vcn - e''^’''{AyCos{ujtn) + BySm{L0tn)) (2.34) 

‘>'Ln = e‘'*'^{A,cos{ix>tn) + B,,sin{u)tn)) (2.35) 

Where 

" = \/i - 


Stage-3 {SoFF and Dqff) 




^Cn 


_ 

e ■Hn 


%Ln — 


0 


(2.36) 

(2.37) 
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Thus a converter system in time domain corresponds to a pair of simultaneous 
equations. Hence the study of converter system in time domain would result in a 
combined analysis of these equations. 

2.4.1 Simulation of Converter Operation in Time Domain 

Transient Analysis 

The converter equations 2.28 to 2.37 can be solved for any initial condition. The 
repetitive treatment of these equations would result in the transient response of 
the converter system. However, it should be noted that, the knowledge of the 
implimented switching strategy is required to carry out such study. 

The algorithm given in figure 2.3 can be applied for a converter operating with 
constant frequency (f) and constant duty ratio (D). The results obtained by ap- 
plying this algorithm for a converter having Rn = 0.7, D = 0.3 & f = 1 p. u, are 
shown in figure 2.4. The initial state of the converter is taken as (0,0). The tran- 
sients m inductor current and capacitor voltage are shown m figure 2. 4 A and 2.4B, 
respectively. 

Steady State Analysis 

It can be observed from figure 2.4 that the given algorithm can be used to determine 
the steady state operation cycle associated with a given value of on time and off time 
interval. However, the analytical expression for the capacitor voltage and inductor 
current, corresponding to the starting point of a steady state cycle, can be obtained 
from equations 2.28 to 2.37 as shown below. 

Consider a steady state operation as shown in figure 2.5, where the states of the 
converter at the start of switch off interval and switch on interval are indicated by 
points ‘A’ and ‘B’, respectively. These states can be defined as the corner states of 
the steady state operation cycle. 


Thus 
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Figure 2.3: Algorithm for simulation of transient operation of converter 
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State A can be represented as 
State B can be represented as (v^P 

V On) *'Ln J • 


Let the state of the 
•For < 1/2 


converter at the start of steady state cycle be 


W ,(0) 


'Cn 


M\ 

1 ^Ln ) ■ 


The end state of can bed 


' JE ’ 


r 





Ay By 


eSiCi-D)Tn ' 

,H) 





^Ln 




e^2(i-ii)n 


given from equations 2.30 k 2.31 


as 


( 2 . 38 ) 


off interval i. e. 

y'Cn il-Ln )■ 

During Steady State Condition 


constants corresponding to the initial state of switch 
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Normalized Time(rn) 


Figure 2.5: A steady state cycle 


Hence equation 2.38 can be written as 


1 

^Cn 



By 


■ gSi(l-C)T„ * 

AO) 

^Ln 


At 

B, 


gS2(l-£))T„ 


(2.39) 


fJD'T) 

From appendix A, the value of A^, A,, & can be substituted in trems of ^ 

&: Hence the RHS of equation 2.39 can be written as 


RHS 


1 


Si-S2 


(DT) (DT) ( 1 ,c\ ADT) / 1 , q \ _ ADT) 

^Ln ^Cn + Ucn VH + *^1 j ^Ln 


Am 

^Cn 


sA 


(DT) 

n 


(DT) , n Am 


^Cn 


+ 




,52(l-jO)T„ 


Substituting for ^ from equations 2.28 fz 2.29, we get 


RHS = 


1 


^1-^2 


+ dt„ 




;(o) 


Rn 


-S^iU - S2DTn 


( 0 ) 

V}y^e 


->S + r’r. 


(0) — 




+SAI + S^DT^ 


,5i(l-D)T„ 


,S2{l-D)Tn 
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1 


Sr-S2 


+ (^ H- St) 


-e^i(i-D)Tn.-^ 


+e^2(i-D)Tn^-^ 


g5i(l-D)T„ 

0*^2 (l"”-C^)^n 

5^g5i(l-D)T„ 


,.(o) 

^Cn 


,(o) 


1 






,5i(i-D)r„ 


,S 2 { 1 -D)T, 


•) 


Dr„ J 


(2.40) 


Q 


For a fixed value of jR„, D & T„, both the matrices of equation 2.40 shown by 
‘P’ and ‘Q’ are constant matrices. Hence this equation can be written as 


,,{o) 

%n 

*Ln 


= c[P] 


^Cn 

M 

^Ln 


+ C [Q] 


(2.41) 


Where 


S1-S2 

which is a constant for fixed value of Rn 


Thus the state of the converter at the start of a steady state cycle can be given as 

(2.42) 


,,(o) 

,■(0) 

^Ln 


\ [1] - id"' ■ [01 

c J 


Where 


[/] is a unit matrix. 
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The similar procedure for other two cases of Rn would give the following results. 
• For = 1/2 

c = 


[P] 


(l + (l-D)(l-^)r„)e-^ {1-D)T 


[Q] = 


(l-£))T„e-^ 


Dil - D)Tl 

DTnAD{l-D)Tl 


*For > 1/2 

^ _ g(l — £))Tn<T 


[P] 


DT-n. 

=^sin(0) 


[Q] 


DT„. 

UJ 


s\n.{6) 

|_ DTn (cos{d) - 5 sin(0)) 


1 + (1 - D)T^ 


(2 43) 


(cos(0) + I sm{d)) e ^ ^ sm{e) 


cos{$) - ^sin(^) 


(2.44) 


Where 


d = uj{l- D)Tn 


Thus for a given value of i2„, D & T„, can be calculated by using equation 

2.41, subsequently, can be calculated by using equations 2.28 & 2.29. 

Once the two corner points of a steady state cycle are known, we can calculate 
the average output voltage of the steady state operation cycle by using following 
equations. 
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• For Rn < 1/2 
1 




Cua 


L' 


Rn ('! 


,(o) Jdtp 

Cn ~ ^Cn 


' .<?i .<!o \ ' 


SlS2 
1 


■Si 32 


(A„52 + BySi) 


(2.45) 


• For Rn = 1/2 

Vc..„ = i [«„ (»S - 4T) +A + B.(l- e('-4’)r) - 

71 

• For Rn> 1/2 


(2.46) 


^Ona 


1 


Rn (4n - sm (u;(l - i:))T + (j) - A) 

^ ^ r2 


.li 

’’2 


sin (<^ — A) 


(2.47) 


Where 

r, = ^Al + Bl 
4, = tan-' (I;) 
r2 = y/cF~+llF 
A = tan”^ 


2.5 Representation of Converter System in State 
Space 

The equations given in section 2.4 represent vcn S'lid 2 £,„ as functions of normalized 
time (t„). Therefore, a Ucn(^n); *Ln(^n) value can be plotted on the state plane of i^n 
versus vcn , with the normalized time {tn) as an implicit parameter. This results in 
State Trajectories of the system. 

The state trajectory which results from state equations during ‘ON’ period of 
switch will be referred as ‘On time trajectory’, and the one resulting from state 
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equations during ‘OFF’ period of switch will be referred as ‘On time trajectory’. 
During discontinues current conduction operation, the ‘Off time trajectory’ can be 
divided into two parts corresponding to mode-2 and mode-3. 

If the switch ‘S’ is ‘OFF’, the system states will follow the Off time trajectory 
depending upon initial condition of the off time interval. Similarly, if the switch ‘S’ 
is ‘ON’, the system states will follow of the On time trajectory depending upon 
initial condition of the on time interval. Thus in state space, ‘On time’ and ‘Off 
time’ of the system will be indicated by segments of On time trajectory and Off 
time trajectory , respectively. Hence the steady state operation of the converter 
will be portrayed as a closed curve consisting of a single On time trajectory and 
a single Off time trajectory on state plane. The figure 2.6 shows the state space 
representation of the converter operation studied in section 2.4.1 Two corner points 
A and B of the steady state cycle (loop) represent the ‘Steady state switch off point’ 
and ‘Steady state switch on point’., respectively. 



Figure 2.6: A state space representation of converter operation 
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2.5.1 Derivation of the Equations of The State Trajectories 


In order to obtain an explicit relation between state variables von and , the 
normalized time can be eliminated from state equations 2.22 to 2.27 as given below. 
From equations 2.22 & 2.23, by division 


R71 

d'VCn '^Cn 

Hence the equation of On time trajectory is 
*Ln - «L = -Rn In ( 

\^Cn) 


(2.48) 


(2.49) 


Where 

C v'q^ and are initial conditions of vcn and zin respectively 


Similarly from equations 2.24 & 2.25, by division 
dvcn '^Cn Rn^Ln 

This equation can be solved by using substitution of variables, as shown in appendix 
B. The solution by this method is obtained in the form 
= f{x) 


Where 

x = ^ 

VC'H 

Which is the slope of the polar vector describing the trajectory. 

The constant of integration has been chosen such that vcn = at a: = 1 /Rn 

The equation of off time trajectory thus obtained also has three forms depending 
upon the value of per unit load {Rn)- 
• For Rn < 1/2 

VCn \ _ fi/^2 — 1 — 2RnA) (1 + 2RnA) ')^ 

4,R„A \(2R^x--i + 2RU)(l-2KA)J 

(2-51) 
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Where 

^ 

VCn 

^ ^ — \J 4^ ~ 1 


In 


For Rn — 1/2 

( VCn ' 


In 


• For Rn > 1/2 

/ \ 

^Cn 


= — In (a: — 1) + 


X — I 


Ac, 


peak . 




tan 


j ^ 2RnX 1 

2RnA 


— tan 


-1 


(2.52) 


1 

2RnAJl 


(2.53) 


Where 


^ — 1L.Z3l. 

VCn 


& A 


~ 4 R 2 


■f J o P g 

'tt 


2.6 Features of State Trajectories 

The steady state operation of the ‘Buck-Boost’ converter represented in figure 2.1 is 
confined to the first quadrant of state plane. Hence the nature of state trajectories 
has been studied in this quadrant only. 

The typical family of ‘On time trajectories ’ and ‘Off time trajectories’ for the 
converter are presented in figure 2.7, where off time trajectories are shown with solid 
lines and on time trajectories are shown with broken lines. As normalized time is 
implicit parameter in these trajectories , the arrow head indicates the direction in 
which system state moves with increasing time. Each trajectory corresponds to a 
different pair of initial condition (initial state of the system during on time/off time 
interval). To cover the entire first quadrant of state plane, the initial conditions of 
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Figure 2.7: A family of on time trajectory and off time trajectory 

On time trajectory are chosen along vcn axis, and those of Oif time trajectory are 
chosen along axis. 

It can be seen that, the shape and location of both On time trajectory and 
Oif time trajectory depends upon values of and initial state. The study of the 
variation in state trajectories with variation in Rn and initial condition reveals some 
important features of converter system. 

2.6.1 Variation of State Trajectories with Variation in Ini- 
tial Condition 

For a fixed value of the location of the state trajectories depend upon the initial 
condition of the system during respective intervals. The study of the variation in 
state trajectories with variation in initial condition is useful to obtain the family of 
state trajectory. 
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Variation in On Time Trajectory 

Let the initial condition of an on time trajectory along vcn ^-xis be {Vcn{^)i 0)5 where 
Vcn(O) denotes the value of (uon)on along the vcn axis. The equation of on time 
trajectory (i. e. equation 2.49) can then be written as 

Hence all the points which have same ratio have same value of ii,n- Therefore 

one reference curve can be made for Vc'n(O) = 1. The other curves can be derived 
from this reference curve by multiplying von and Vc'n(O) by same scaling factor. 

Variation in Off Time Trajectory 

The off time trajectory can be obtained by using equations 2.51 to 2.53. However, 
these equations do not explicitly include the initial condition of the off time interval 
and require the knowledge of Hence as explained in section 2.5, the equations 

2.30 to 2.35 can be used to obtain the olf time trajectory from the knowledge of initial 
condition. The constants H,,, A, B, are calculated by the expressions given in 
appendix A. 

Let the initial condition of an off time trajectory along i^n axis be (0,/Ln(0))5 
where /Ln(0) denotes the value of {iin)off along the An axis. The constants A„, By, 
Aj, Bi can then be expressed as given below. 



Rn < 1/2 

Rn = 1/2 

Rn > 1/2 

Ay 

lLn{0) 

Si -52 

0 

0 

By 

iLn(O) 

SI-S2 

An(0) 

lLn{0) 

UJ 

A 

lLniO)s2 

51-52 

lLn{0) 

An(0) 

B. 

/Ln(0)5l 

lLn{0) 


51—52 

w 


It can be seen from the above expressions of the constants and equations 2.30 to 2.35 
that, if /l7i( 0) is changed by a scale factor, say A , then for same value of time(f„). 
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0 0.1 0.2 0 3 0 4 0 5 0.6 

VCn 

Figure 2 8: The variation of trajectories with Rn 

'^Cn ^ '^Ln also change by the same scale factor. Thus, if we calculate the off time 
trajectory for Iini^) = 1? the other trajectories can be calculated by scaling. 

Hence the on time trajectory for Vcn(O) = 1 and, the off time trajectory for 
■^Ln(O) = 1 can be refered as reference trajectories. 

2.6.2 Variation of State Trajectories with Variation in Per 
Unit Load 

The shape of both On time trajectory and Off time trajectory depends upon values 
of Rn- Figure 2.8 shows on time trajectories and off time trajectories for various 
values of R^ and fix value of initial state. 

It can be observed that the general nature of On time trajectory does not change 
with variation in per unit load However the nature of Off time trajectory can 

be broadly classified as 
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• For Rn <1/2 

The Off time trajectory moves towards origin of state plane with increasing 
time, and reaches origin as ^ oo. 

• For > 1/2 

The Off time trajectory will have a non zero intersection with vcn axis(as 
shown by point B in figure 2.8). This point will have a finite time corresponding 
to it. If system Off time period is more than this time, further Off time 
trajectory will move towards origin, along vcn axis. 


The portion of Off time trajectory along vcn axis corresponds to the mode-3 (figure 
2.2C), which indicates a discontinuous mode of operation. The non zero intersection 
point B in figure 2.8 represents the boundary between continues and discontinuous 
modes, and hence will be referred as boundary point. Thus it can be concluded 
that, a converter system can have discontinuous mode of operation only if per unit 
load is more than 1/2 and the system Off period exceeds the time corresponding 
to boundary point time. Hence the knowledge of boundary point will be helpful to 
decide the mode of operation. The following expression, derived from equation 2.35 
by eqating iin to zero, gives boundary point time as 


t 


'^boundary 


cu 


TT + tan 


-1 



(2.55) 


2.6.3 Uniqueness of a Steady State Operation 

For a fix value of Rm there exists a one and only one pair of on time trajectory and 
off time trajectory passing through any point in state space (i. e. state of converter), 
specified as a corner point of a steady state operation. Hence there will be a unique 
steady state associated with any point in state space. 
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2.6.4 Peak Voltage Point of Off Time Trajectory 

The study of equation 2.50 shows that for a fixed value of Oif time trajectories 
can be subdivided into three parts such as 

• Negative slope region when vcn < Rn'i’hn 

• Positive slope region when vcn > Rv.i'Ln 

• Infinite slope point when vcn = Rniln 

This also indicates that ,the Off time trajectory will have peak normalized ca- 
pacitor voltage when the following relationship is satisfied 

'^Cn ~ RniLn (2.56) 

The point in the state space corresponding to these values of vcn and tin can be 
called as peak voltage points (as shown by point ‘Ai V2l.2’/^3’ in figure 2.8 ). From 
equations 2.30 to 2.35 & 2.56. time corresponding to peak voltage point can be 
derived as 


• For Rn < 1/2 


1 , f A^-Rr^AA 

s^-sr \R^B,- bJ 


• For Rn — 1/2 


, f Ad RfiA^ \ 

“ \RnB, - bJ 


• For Rn >1/2 


t 


'Hpeak 


1 

— tan 
ui 


/ Ad R^A^ \ 

\RnB^ - By) 


(2.57) 


(2.58) 


(2.59) 
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2.6.5 Tangent Point of the Off Time Trajectory 

As explained in section 2.5, the closed curve obtained by intersection of on time 
trajectory and off time trajectory represents a steady state operation of the converter 
system. The figure 2.9 shows a single off time trajectory, selected arbitrarily. The 
various steady state operations associated with this off time trajectory are AiTBi, 
A 2 TB 2 etc. It can be seen from this figure that, at point T, both the on time 
trajectory and off time trajectory are tangential to each other. Hence, this point 
can be referred as a tangent point. Any on time trajectory, to the right of the 
trajectory, O’TY will not have an intersection with the off time trajectory OTX . It 
can also be seen from the figure 2.9 that, all steady state operations associated with 
off time trajectory (OTX) will have the two corner points on the two sides of point 
T. Thus the tangent point T can be considered to divide the off time trajectory 
OTX in two portions such that 

Portion OT — >■ Which includes the steady state switch off points of all steady state 
operations associated with OTX 

Portion TX Which includes the steady state switch on points of all steady state 
operations associated with OTX 

Hence, it can be concluded that all steady state operations associated with any 
off time trajectory must include the tanjent point T of that off time trajectory. 

Physical Significance of the Tangent Point 

It can be seen from figure 2.9 that, as the on time trajectory moves closer to the tra- 
jectory O’TY from left, the resulting close curve (steady state operation) contracts 
about point T. Also the frequency of resulting steady state operation increases, and 
average state of the steady state cycle approaches the tangent point T. 

In the limiting case, that is for converter having a steady state operation at 
tangent point, on time and off time intervals will be zero. Hence, the frequency of 
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Figure 2.9: The concept of a tangent point of off time trajectory 

operation will be infinite. During such operation the capacitor voltage and inductor 
current will be constant throught the operation and hence the average state of steady 
state cycle will be a tangent point itself. 

Thus it can be said that a tangent point represents an ideal operation of converter 
at the high frequency. 

The detailed simulation of various steady state operation in vicinity of tangent 
point (as carried out in chapter 3 and shown with the help of performance curves) 
gives the following results. 

• The average state of the steady state cycle, for converter operating in low 
ripple region (below 5%) can be approximated as the tangent point. 

• For the steady state operation, in vicinity of the tangent point, inductor cur- 
rent and capacitor voltage can be assumed to be varying linearly with time. 
Hence the converter analysis can be carried out as shown in appendix D. The 
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various parameter/ variables of the converter can be expressed as given below 

D 


Vcnav = 
fhriav ~ 


opav 

1 


(since V^n = Ip-u) 


1-D 


Vop.. 1 
Rn I — D 


(2.60) 

(2.61) 


Mathematical Representation of a Tangent Point 


From equation 2.50, the slope of off time trajectory is given as 

dl'Ln Rn^Cn 

dvcn '^Cn RrP’Ln 

Similarly from equation 2.48, the slope of the on time trajectory is given as 


(2.62) 


Pon 




Rr, 


dVOn 
At tangent point 


(2.63) 


Poff — Po 


(2.64) 


Hence from equations 2.62, 2.63 k, 2.64, we get 

VCnii A 'OCn) = RJlu ( 2 - 65 ) 

Thus the point in the state space which satisfies the equation 2.65 will be a tangent 
point of the off time trajectory 


2.6.6 Output Energy in a Steady State Cycle 

The Off time trajectory can also reveal the total energy given to the load. This can 
be seen as follows. 

By rearranging equation 2.50, we get 

{vcn — Rn'iLn)diLn = Rn^Cndvcn ( 2 . 66 ) 

Let us consider a steady state cycle as shown in figure 2.10. 

By integrating equation 2.66 from point A to B, we get 
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Figure 2.10: The output energy in a steady state operation 


L 


' Ln 


A 

Ln 


'^Cn^^Ln — 

Rn 


I 

[(' 


'Ln 


A 

Ln 

Ln 


'iLndihn H" 


+ 


Cn) 


f '^Cn^'^Cn 


(ifn + ^Cn) 


(2 67) 


As shown in appendix C, the quantity {iln + ^Cn ) is a normalized stored energy. 
Hence equation 2.67 can be written as 


'Area between the off time" 

_ Rn 

'Change in normalized stored' 

.trajectory and i^n axis 

2 

.energy 


However, it can be seen from figure 2.2B that there is no input source during 
Off period of the switch. Hence change in stored energy must be equal to energy 
given to the load. Thus, the output energy can be calculated from the knowledge 
of steady state loop on state space. 


2-7 Conclusion 

The idealized Buck-Boost converter has been studied in the time domain and state 
space. The analytic equations of the system state trajectories has been developed, 
where the equation of the off time trajectory is expressed in terms of the slope ( ) 
of the polar vector describing the trajectory. The various features of the state tra- 
jectories have been studied, and the information of the converter system revealed 
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by these features has been brought out. Further a method has been proposed for 
scaling the state plane trajectories for obtaining family of the state trajectory. The 
approximate model neglecting the ripple has been related to the state space trajec- 
tories by defining a Tangent point. Finally the energy given to the load has been 
shown to be equal to the area under the off time trajectory and i^n axis. 



Chapter 3 


The Design Curves Based On 
State Space Analysis 


The analysis given in chapter 2 has been used to obtain the design curves for the 
Buck-Boost converter. The section 3.1 highlights the need of performance curves of 
a converter. The section 3.2 explains the detailed procedure involved in calculating 
the performance curves. The curves of Ton vs Toff-, D vs T^, vs T„ & 9oripple 
vs Tn have been calculated and plotted for a wide range of the converter operations. 
A design example based on these performance curves is given in section 3.3. 

3.1 Performance Curves of the Converter 

It has been shown in section 2.4.1 that, for a fixed operating condition i. e. for 
a given values of per unit load(Rn), duty ratio (D) and operating frequency (f ) ., the 
steady state operation of the converter can take place between a unique pair of 
corner states. These corner states can be calculated from equations 2.42 to 2.44. 
The output characteristics of the converter i. e. the average output voltage(r,,J & 
the ripple in output voltage( Vb„p) can be calculated from equations 2.45 to 2.47. 

However, for a designer of the converter system, as well as for the a designer 
of the controller, it is essential to find out the unique operating condition for a 

.39 
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desired output characteristic. Due to the nature of the system equations, it is not 
possible to analytically determine the operating condition from the knowledge of 
the desired output characteristic. Hence for this purpose, the output characteristics 
can be calculated for various operating conditions . The performance curves can be 
obtained by plotting the output characteristic versus the operating condition. The 
state space representation of the converter can be effectively used for this purpose. 

3.2 State Space Analysis of Converter 

As explained in section 2.5 (figure 2.6), any closed curve on state space comprising 
of single on time trajectory and a single off time trajectory represents a steady state 
operation of the converter. Hence the study of various intersections of off time 
trajectories and on time trajectories will result in the study of various operating 
conditions. 

3.2.1 Algorithm for State Space Analysis 

To study the various intersections of the two families of trajectory, the algorithm 
given in figure 3.1 can be used, where the initial condition of the of the off time in- 
terval, along the iin axis(i. e. /Ln(0)) and per unit load resistance( Rn) are systemati- 
cally varied over the range (^hno (0) • • • hn^iO) ■ • - & (i^no ■ ■ ■ Rn, ■ ■ ■ Rnur .^) . 

respectively. The off time trajectory for each value of Inupi^) is calculated by scaling 
(i. e. multiplying by IiupiO)) the reference off time trajectory as explained in section 
2.6.1. It should be noted that the time is not being scaled as it is already normalized 
while calculating the reference off time trajectory. 

The various steady state operations associated with a off time trajectory can be 
found out by selecting the various points on any one side of the tangent point as 
one corner state. The corresponding second corner state can then be calculated by 
an algorithm given in figure 3.2. For faster computation, this algorithm uses the 
technique of Binary Search till the search range is reduced to consecutive points in 
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the look up table. Thereafter the finer search is carried out using the exact equations 
of off time trajectory (2 30 to 2.35). 

Results of State Space Analysis 

The results obtained by applying this algorithm are shown in figures 3.3 to 3.9, 
where each figure presents a family of performance curves for a fixed value of per 
unit load(i?„). The value of /Ln(0) is varied from 0.25 to 5 pu in step of 0.25, and 
the values of Rn is selected between 0.3 to 3 pu. 

The comparative study of the various steady state operations over the wide range 
can be done with the help of these performance curves. However, it should be noted 
that in most of the practical cases, the converter is required to operate in low ripple 
region. Hence the study of the performance curves in this region enables one to 
understand the various features of converter operation in this region. The figure 3.9 
shows the enlarged portion of figure 3.4 (i.e. for Rn = 0.9) for ripple below 5from 
the study of these curves are as follows. 

1. For a fixed value of and a given value of (D & Tn) or (Voa^g & Tn), the 
converter will have the unique steady state operation. 

2. During the low ripple steady state operation, duty ratio (D) and the average 
output voltage(Voavg)^'‘^^ approximately constant for a fixed value of 

and do not vary with the switching frequency. In such cases the voltage can 
be determined independently, for a given value of switching frequency. 

3. For a fixed value of output voltage ripple, there is a minimum required switch- 
ing frequency. This value decreases as Rn increases. The maximum switching 
frequency depends on of the power switch. 

4. For a constant operating frequency, the output voltage ripple incerases with 
incerase in average output voltage. 
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Figure 3.1: Flow chart to study various operating conditions 
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I Selct a point k, from lookup table as a steady state switch on point A j 
' A = (tA,VCnitA)>^Ln(tA)) » 


Initialize binary search range 

SRmtn = 0 

‘S'-Rrn.gjc — ^2 


^SR — ^ Rmax SRmtn 


I,/ __ c jD I ^SR 


Binary Search 


For on time trajectory through point k' 

Find vcn, corresponding to iin = iLnjtA) by the equation 2 49 




> ^Cn (tA) 

SRraax — k 

Calculate 

NO 

<r Asft = 1 


SRmtn = k^ 


tfi = 'tSRmax - 

Step = 100 

= 4^ 

^ step 

k — SRfYiin 

¥= 

tki = + At 


Calculate point C i e {vcn^^^ , j , for t = t^i 

by the equations of selected off time trajectory (2 30 to 2 35) 


For on time trajectory through point C, 

Find vcn, corresponding to iLn. = *z,ti(^a) by the equation 2 49 


e = VCni^A) - yCn 


le| < tolerance 


tB = tk' 

1 e Point B = (*B> ^Cn(fB), *Ln(fB)) 


RETURN 


Jtfc/ — ffc/ - At 


Figure 3.2: Flow chart to find out intersections points 
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Figure 3.7: The performance curves for jR„ = 2.0 









Figure 3.8: The performance curves for Rn = 2.5 
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CHAPTER 3. The Design Curves Based On State Space Analysis 

3.3 Design of Converter 

With the help of these performance curves, it is possible to determine the exact 
operating conditions required to produce a desired output characteristic of the con- 
v('rter. Idiis feature enables an accurate design of the converter to meet the required 
characteristic. The procedure of designing a converter is shown in figure 3.10, where 
value of the required ripple is assumed to be low (i. e. below 10%). It can be seen 
that, ffiis algotithm gives the various suitable values of inductor and capacitor. The 
H('l('c1,ion of exact values of L and C can be done by a trade off between these two 
quantities. 

Th(' design procedure has been carried out using the above algorithm for a con- 
vi'rter having the following data 

• Input voltage(K„) = 48 V 

• Av('rag<' output voltage(Vba„) = 12 V 

• Average output current = 1 A 

• permissible output voltage ripple = 5% 

• permissible operating frequency = 8 KHz 

The figure 3. 1 1 shows the variation of L &: C values with change in normalized load 
resistance(/4), obtained from the above algorithm. However for a given value of 
output ])ower and output voltage, the value of load resistance in D is fixed. Hence 
the figure 3.11 allows us to see the variation of required L & C values for different 
assumed values of Rn- If can be seen that as Rn is increased, the value of L is 
reduced and the value of C is increased. The reduction in value of L is negligible 
_ 2.5 p. u. Therefore L &: C can be chosen corresponding to Rn equal to 
two. Thus the selected values of inductor and capacitor are 0.42mH and 18.65 ^F. 
The calculation according the flow chart(figure 3.10) also gives the following data 
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Figure 3.10: Flow chart for design of converter 
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L,mi/ 



1 15 2 25 3 35 4 

por unit load resistance(/?„) 


1 1.5 2 2 5 3 3 5 4 

per unit load resistance(i?n) 


Figure 3.11: Simulation of Converter Operation 


P = 


^ IjtlV 


Vo,. 


+ K 

lo 


= 0.2 


- D 


= 1.25 


Henci^ i,h(' semiconductor power switch will carry a pulse of 1.25 A peak with 20% 
duty cycle, operating at 8KHz. The diode is carrying a pulse of 1.25 A peak with 
80% duty cycle . Suitable semiconductor devices can be chosen on the basis of the 


above <lata 


3.4 Conclusion 

Th(' analysis given in chapter 2 has been used in this chapter to obtain the de- 
tailed design curves of the Buck-Boost converter. A design example of a 12 V , lA 

convertor has been worked out . 





Chapter 4 


The Study of Various Controllers 


'Fhc only moans available for controlling the rate of flow of electrical energy from 
stjurcc' to load in a DC-DC converter, is the switching on and off the power switch. 
d’h(' hc'havior of the converter system is very much dependent on the manner in 
which tlu' controller (control system) generates the switching sequence for the power 
switch. Ilenc.(' for the effective design of the controller it is necessary to understand 
the caus(> and effect relationships which exist between the action of the controller 
and th(‘ rc^sultant converter performance. 

Th(' state' space analysis technique, discussed in the previous chapters provide a 
tlu'orcdhcal insight into the fundamental nature of the converter operation. Hence 
this technique can be used to understand the manner in which the various control 
texflnieiues accomplish the task of determining a switching sequence of the power 
switch [1][‘2]. The conceptual visualization of the controller action, enables one, to 
postulate various control laws which will improve the system performance. 
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4.1 Control Using Input current Limit and Out- 
put Voltage Limit {hn^Vout controller) 

III a. I)(. D(I converter the input current and output voltage can be controlled by 
cont.rolling tlu' inductor current(^i,n) and capacitor voltage(uc7n) respectively. It can 
!)(' s('('n from the nature of the state trajectories that:- 

• During on time interval, the inductor current(zi,n) increases and capacitor 
volta.ge('(;c<„) decreases. 

• During off time interval, the capacitor voltage(t;cn) increases upto a partic- 
ular {Xiak value and decreases thereafter, whereas the inductor current(f£,„) 
decr('as(’;s continuously. 

ll<’nc.<' the inductor current and capacitor voltage can be controlled by controlling 
th(‘ on tinu' and olf time interval respectively. If the limits of these quantities are 
sp('cified t.lu' switching sequence can be generated by the logic diagram given in 
ligun' 4.1. It should be noted that the duty ratio(D) and switching frequency(f) are 
not (^x|)licitly controlled in this technique. 

4.1.1 Action of the Controller 

4'1k' function of the controller can be explained with the help of some generalized 
cases of converter operation. Consider an arbitrary voltage and current limits say 
and /Lni.m respectively. These limits can be represented by two lines on the 
state space as shown in figure 4.2, where line XO’ represents voltage limit and line 
YO’ represents the current limit. It can be seen from this figure that these two lines 
divide the state space in four region as given below. 

R<5gion~I vcn < Vcnum and tm < Itnum 

Region-II vcn > K7ni,m and iin < Iimum 



(UI AFTER 4. The Study of Various Controllers 


49 



Fignn' 4.1: Logic n^qiiired to generate the switching sequence for Im^Vout controller 

Kc'gion III Vm < ^Ln > iLn^m 

Hx'gion- IV Va7i > Vcnum > Ilnum. 

If the initial state of the converter lies in the region I or II (as shown by points S 
or S’ in ligure 4.2(A)), the power switch will be turned on. The inductor current will 
start increasing, and system states will move along the path SA or S’A’, which'are 
the segenients of the on time trctjectory through point S or S . The switch on interval, 
will be allowed to continue till the time inductor current is less than /in,.™- The 
switch will be turned off when the inductor current is equal to finam' The capacitor 
voltage will start increasing(or decreasing for A’), and the system state will follow 
the off time trajectory through A or A’, i. e. segments AB or A B . The switch off 
interval will be maintained till capacitor voltage becomes Vcn,.„, i- e. point B or B’. 
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4.2: The various regions of converter operation with Im^Vout controller 

At this point ol time the switch will be turned on again and the next cycle will be 
continiuMl. 

If tlu' initial state, of the converter lies in the region III or IV as shown by point 
H or S’ in figure' 4.2(B), the power switch will be turned off at the start. The system 
state will move' along segments SB or S’B’, till capacitor voltage reaches Vcnum ^ 
switch will !)(' turned on then and system states will advance along path BA or B’A. 
I’his on time' inte'rval will be terminated at point A or A’ where inductor current 
Ix'comc's ('([ual to Iinum- Thus the next cycle will be started at point A or A’. 

It can also be seen from the figure 4.2 that with this controller the inductor 
currt'nt and capacitor voltage can be bought within the specified limit, after one 
cych' of transic'iit operation, irrespective of the initial state of the converter. The 
further operation will take place, keeping the inductor current and capacitor voltage 
below specified limit. As a result the system will attain the steady state cycle CDC 
or (2D’(r as shown in figure 4.2 . 

The Special Cases of Converter Operating with Tn^Vout Controller 

To understand the various conditions used in logical diagram (figure 4.1) we will 
study the special cases of converter operating with this controller. 
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( .as(' 1 (consider the initial state of the converter in region III as shown by point S 
in th(' figure 4.3. As explained above the switch will be turned off and system 
state will move along the off time trajectory passing through S, i. e. curve SA 
in ^igur(^4.3. At point A the capacitor voltage will be equal to Vcnum- However 
it can b(' seen that at this point the inductor current is greater than Iinum- H 
t.lu' swil.ch is turned on at this point, the system state will move along on time 
t,raj('ctory (AA’). As a result the inductor current will further increase. Thus 
th<‘ on ti nu' interval will be continued and controller will fail. 



VCn 


Figure 4.3: Build of ^Ln due to faulse turn on of switch 


'I’his problem can be avoided, if the switch is allowed to be turned on only 
when inductor current is less than iLn^m- H shuld be noted that this fact 
is implemented in logic diagram (figure 4.1) by checking the condition iin < 
^Luitm 1 issuing the switch on or switch off commond. Thus in such cases 

the converter system will be allowed to continue the off time interval till point 
B . The system state will move along the curve AB as shown in figure4.3. 

Case -2:- Consider the initial condition in region IV as shown in figure 4.4. The 
converter will have a switch off interval at start which can be represented by 
segment SAB of the off time trajectory. It can be seen that at point B, the 
inductor current will become zero. If the off time interval is continued further 
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(flu (oiivertei state will move along the vcn axis till capacitor voltage reaches 
point C). However if the converter is required to operate in the 
< oiitinuous current conduction mode of operation the olF time interval should 
b(' t('rminated at point B. The system states will then move along the path 
BH’ (a portion of on time trajectory). 



f igun* 4A: A disoutinuous current conduction mode of converter operation under 
fnMVout controller 


In th(> logic diagram( figured. 1) the condition ii,n = 0 is checked during off time 
interval to avoid the discontinous mode of operation. 

(lasc d:- This controller needs the two reference quantities namely inductor current 
and capacitor voltage limits. Although these two quantities are independent if 
th(\y are specified seperately the resultant system may have a slow transient 
response in some cases as shown in figure 4.5. The peak voltages of the off 
time trajectories passing through point A\k,A 2 are less than the set voltage 
limit(Vf;,i,,^). Hence each time the off time interval will be continued till 
boundary point(Bi&:H 2 ). Thus the time taken to achive the required steady 
state is large. 

This problem can be overcome if the switch off interval is terminated at the 
peak voltage point if it occurs before the capacitor voltage reaches the limit. 
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VCn 

4.5: A slow response case of the converter operation under Itn^Vout controller 

Thus tlu' s<'nsing of peak voltage point is also required to generate the switching 
s(>(|ijeii<'('. It can vary easily implemented by using equation 2.56 as shown 
in [igur(‘ 4.1. 

4.1.2 The Simulation of the Controller 

Tlu' r('spons(' of th(i converter has been simulated with the help of the algorithm 
giv('n in figun' 4.6. The results are obtained by computer program based on this 
algorithm using the MATLAB package. 

4’h<' n^sults shown in figures 4.7 to 4.10 are generated for the converter having 
/7„ = 0.7 and injiut voltage =1 p. u. . The initial states of the converter has been 
s(4ect('d from the each of the four regions as explained in section 4.1.1. The voltage 
and currcmt limits are selected by trial and error method to obtain the average 
out[)ut voltage equal to one. It has be seen from the simulated results that for the 
converter o])eration in high frequency low ripple region, the average output voltage 
can be ajiproximated as Vcm.m ■ cases the variation in current limit results 

in variation of output voltage ripple. It should be noted that in such cases the 
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sc'lcrtioii of voltage limit can also be done with the help of the performance curves 
obtained in chapter 3(figures 3.3 to 3.9). 

Further it can be seen from the simulation results that for the fixed value of the 
voltage and current limits, a unique steady state is achived irrespective of the initial 
condition of the converter. 



Figure 4.6; The flow chart for simulation of converter operation with <^on 

troller 
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Figure 4.7: Simulated responce of the ‘/,n&Ku< controller’ for the converter with 
initial condition in region I 



0 0.2 04 0 6 0.8 1 1.2 1.4 1.6 1.8 2 

VCn 


Initial State = (2,2.5) 

Figure 4.8: Simulated responce of the 'hn^Vout controller’ for the converter with 
initial condition in region II 
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Figure 4.9: Simulated responce of the controller'' for the converter with 

initial condition in region III 



Figure 4.10: Simulated responce of the conirolleC for the converter with 

initial condition in region IV 
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4.2 Energy Level Controller 

As shown in appendix C, the normilized stored energy in a converter system is given 
by ih(' following expression 

I’otal Normalized Stored Energy(5'£Jn) = *L(i) + ^cn(i) 

= the square of the magnitude of the 

polar vector describing state trajectories 

Thus tlu' various states of the converter at which the stored energy is constant, 
must lie on a circle. The figures 4.11(A) & 4.11(B) show the variation of the total 
stored energy during on time interrval and off time interval respectively. It can 



Figure' Til: 'Pin' variation in SEn during On time interval and Off Time Interval 

be seen from these figures that the total stored energy of the converter system 
monotonically increases during on time interval and monotonically decreases during 
off time inte'rval. Hence this quantity(.5'£:„) can be used to control the state of the 
power switch. The converter can then be made to operate between the specified 

band of (niergy(i. e. between the two limits of energy). 

In most of the practical cases the desired stored energy levels of the converter are 
not specified. This poses the major problem in selection of the energy band when 
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coiiirollc'r is to be designed from the set of the specified parameters/ variables. 
Howc'vcr if the desired output voltage ripple is low(below 5%) the selection of the 
('TK'rgy baud can l)e done as discussed below. 

As ('xplaiued in section 2.6.5, the low ripple steady state operation of the con- 
v('rt,<'i t.akc's place in the vicinity of the tangent point of the constituting off time 
(,ra,ject,ory and the average state of such steady state operation can be approximated 
as this tangc'iit point. Further it can be seen from figure 4.11 that the variation in 
th(' ston'd ('uergy can also be approximated as the liner variation in the vicinity of 
th(' t.angcuil, point P. Hence the stored energy corresponding to the average state of 
tlu' st('ady state' cycle can be given by the following expression. 




"Sum of the stored energy" 

'Fnergy corres})onding to the' 

1 

corresponding to the two 

avi'ragc' .sl,at,e of steady state 


corner states of the steady 

” 2 

_op('ration 


.state operation 




hVoin t,h<' a!)ov(' discussion it can be concluded that for a high normalized frequency 
and low rippki oi)eration of converter, the selection of the energy band can be done 
such that the nuiaa of the two stored energy limits is equal to the stored energy of 
the avc'rage stat(^ for the desired steady state operation and the width of the band 
can b<' vari<'d to meet the ripple requirment. The detail procedure is explained in 

the following piiragraph. 

(lousid(n- the the low ripple high frequency operation of the converter as shown 
in figure' 4.12. The two corner points of this operation are shown as points A and 
B. 'riu^ condajit stored energy circle corresponding to the stored energy of these 
corner states are shown as A’AA” and B’BB” respectively.The average state of this 
steady state operation is represented by a point 0. Let the specified values of the 
average output voltage and average output current be Vo., and lo., respectively. 
The selection of the stored energy limits can be done with the help of the flow chart 

given in figure 4.13. 
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Figiin' 4.12: A steady state operation within a stored energy band 

It should 1)(' noted that the frequency of operation and duty ratio is not explicitely 
controlled in this technique. 

4.2.1 Action of the Controller 

Tin* switching s('(iuence can be generated by the logic digaram shown in figure 4.14. 
'riu' pow<u switch is turned on if the total stored energy of the converter system is 
Ix'Iow tlu' spt'cilied upper limit and turned off otherwise. 

4.2.2 The Simulation Of Energy Orbit Controller 

I’lu' simulation of the converter has been carried out using computer program based 
on the algorithm given in figure 4.14. The simulated respose of the converter having 
Hn = 0.8 k initial condition (0,0), is shown in figure 4.15. The selection of the 
energy baud is done so as to have average output voltage(Vo^^) unity and output 
voltages rippU^ 5%. The values of upper limit and lower limit of stored energy are 
calculated as shown in figure 4.13. For the better understanding the steady state 
operation region(i. e. the region marked with the square box in figure 4.15) has been 
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Figure 4.13: Flow chart for selection of the energy band 
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Figure 4.14: Logic, required to generate the switching sequence for Energy level 


controller 
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enlarged and shown in figure 4.16. 

In figure 4.17 the width of the energy band has been varied to study the effect 
on the output voltage. It can be seen from this figure that the ripple in the output 
voltage incrc'ases with increase in width of energy band. 

d'h(' [igurc^s 4.18 4.19 shows the response of the converter for various values of 

initial conditions. It can be seen from these figures that, if the converter is made to 
o[)(>rat<' in a fixed stored energy band, the unique steady state is achived irrespective 
of th(' initial condition of the converter. 
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Nomialized Time(i„) Normalized Time(i„) 

(B) (C) 

Initial State = (0,0) 

Upper Energy Limit = 7.5 

ft 

Lower Energy Limit = 7.4 


Figure 4.15: The simulation of energy level controller for low ripple operation 
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Nonualizcxl Tinie(tn) 

(H) 


Normalized Time(t„) 
(C) 


Initial State = (0,0) 
Upper Energy Limit = 7.7 
Lower Energy Limit = 7.2 


Figure 4.17: 1’he simulation showing effect of variation in width of the energy band 
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Energy orbit 
State Trajectories 


0 OJ) 1 1 5 2 2.5 3 3.5 4 0 0 5 1 1 5 2 2.5 3 3.5 4 

Normalized Timp(/.„) Normalized Time(tn) 

(B) (C) 

Initial State = (0.5, 3. 5) 

Upper Energy Limit = 7.7 

Lower Energy Limit = 7.2 


Figure 4.18: The. simulation of converter with initial condition lying out side the 
upp(‘r eiuugy limit 
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Energy orbit 
State Trajectories 


Nornializ<Kl Thmii7i) 
(B) 


Normalized Time(in) 

(C) 

Initial State = (2,0.5) 

Upper Energy Limit = 7.7 
Lower Energy Limit = 7.2 


Figure 4.19: The simulation of converter with initial condition lying inside the 
energy limit 
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4.3 State Trajectory Control law 

It has IxH'ii shown in chapter 2 that for a fixed values of source voltage and load 
■r(‘stsl ancc thc'ro (exists a unique steady state operation which yields a unique average 
output voltage and current. No other closed trajectory in the state plane yields 
('xact.ly tlu' sanu' output. The on time trajectory and off time trajectory which 
coinpris<'s tlu' unicpic desired steady state cycle can be used as a boundary to divide 

Hl,at(' plane' into the switch on region and switch off region. 

Th(' figure' d. 20(A) shows a steady state operation AB 2 BB 1 A. The on time 
tra.je'e'te)iy(('//^/AA) and off time trajectory (OAJB 2 B) comprising this steady state 
e-ye-h' are' she)wn with se)liel line and broken line repectively. With the help of these 
traje'e-te)rie's, the' switch on region and switch off region, of the state plane can be 
ele'fine'el as shown in ligure 4.20(B). In this figure the curve OABiBO' divides the 
state' pla.ne' inte) twe) parts. The area below this curve is the defined as Switch On 
Hegion anel are'a abew' this curve is defined as Switch Off region. The portion of 
the' edf time' traje'ctory(i. ('. curve OA, including point A) is considered to be the 
part, eif 1,he' switch e)!! re^gion. Similarly the portion of the on time trajectory(i. e. 
curve' ABxBO\ ('xcluding the' point A) is considered to be the part of the switch 
e)n re'giem. It sheiuld be' noted that, it is possiable to use section AB^B instead of 
ABx B. Heiwe've'r the' later is more convenient for implementation purpose and hence 
will \)V us(h 1 in this chapter. 


4.3.1 The Action of the Controller 

TIk- .'outrol Uw bo made such that, the power switch is turned on whenever the 

state- is in tlio on region and turned off otherwise. Thus the converter can be 

brought to tin- ilosiroii steady state trajectory in one on/off cycle of control, regard- 
less of the initial eondition(state of system). Any change in operating condition i e. 
the change in sourer- voltage or change in load resistance is immediately reflected as 
a change in the shape or location of state trajectories. Hence the switching bound- 
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I'^igurc' 4.20: The defination of the switching boundary 

ary and <’ons('C[U('ntly switching sequence issued by controller is also changed. 
I'his si'ii.sitivity to change in the operating condition enables the controller to locate 
the uni<iu<' dc'sirc'd stc'ady state trajectory for all operating conditions. 

'This controlU'r is a free running in the sense that during transient condition, 
it pc'nnits the' puwc’r switch to remain open or closed for as long as it is needed 
to a,cc.oinpHsh tlu' necessary redistribution of energy in the converter power stage, 
in onh'r t,o attain desirc'd output. But at the same time, it enables the constant 
fr(*(iurncy or ceinstant duty ratio operation in steady state, if desired. 

4.3.2 Implementation of Trajectory Control Law 

Construction of The Switching Boundary 

As ('xplaiiK'd in section ‘2.6.3 the unique steady state operation and the contituting 
state traject, oriels can be specified by specifying any one of the corner points of steady 
state' opeu-ation cyclcn However during discontinuous current conduction operation, 
tlu^ steady states switch on point lies on vcn axis. In such cases the predection of the 
exact off time trajectory is not possible with the help of this point. Thus the steady 
state switch off point is a convenient choice for specifing both the trajectories. 
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I''ijj;tir<' 4. 21: Procc'durc for finding the equations of trajectories defining the 

switching Ixjundary 


If the duty riiti»(l)) auil the the operation time(r„) is known the exact location 
of the .■uullihrium switch off point can be determined from equations 2.42 to 2.44. 
l|„w.-ver it .Shouhl tie noted that, it the converter is operating in high frequency, low 
ripph- region, tin' slmdy .stofc switch off point can be approximately determined from 
t,lH- value of (.lie average, output voltage and output ripple. The algorithm given m 
ligure .l.l.'i can he us<-<i for determining the co-ordinates of tthe steady state switch 
offf point. Having determined the coordinates of the steady state switch off point 
the switcliiiig houiidary(i. e. curve OAB,BO’ in figure 4.20) can be constructed by 
selecting the off time trajcHonj and the on time froyecton, passing through this 
point. Tin- erpiations of these trajectories can be written with the help of a flow 

chart giveu in figure. 4.21. 
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Generation of Switching Sequence 

()iir(' i.lu' Hwiichiitg boiindary is defined mathematically, the formulation of the as- 
so<-iat('d switch on/off region and the generation of the switching sequence can be 
doin' as shown by a logic diagram in figure 4.22. 

Results of simulation 

'Fhc various conv('rt('r o])erations have been simulated by using the computer pro- 
gram based on above logic diagram. The results given in figure 4.23 to 4.25 shows 
the simnlati'd opi'ration of the converter having following data 

• Ib'<|uir<'d average' output voltage = 0.5 p.u 

• Output voltage' ri])plc = 5% 

• Pe'r unit loael resistance = 0.9 

d’he' initial ceuiditious are' sede'edeid arbitrary. The figures A shows the state space 
picture' e)f t.hi' e-onverter eiperation, whereas the figures (B) & (C) s gives the time 
deunaiu re'sponse'. It can be seen from these figures that the converter attains the 
(h'sireel ste'ady sfiate’ in einei cycle of switching. 
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Read the initial state 

{f^Cns , *Lns) 

— 

Read the specified Switchoff start point 
(i e Point A in figure 4 20) 

(«c„, *Ln) 


Calculate =: 


Sense the present state 


tLn, < *Ln 


hVoni ion 

{ A ) of figure 2 4 

C ’nh'ulut** Vt 'n 

for li,„ = 

A , ^ 

1 <- Ti( •„ =: V 


Urt t hlH 1I( •„ ln« ( 

•.vIM 


VCn, < ^ 


From equation of off time trajectory 
(made as shown in figure 4 21) 
Calculate vcn for x = Xj Say vcn^a] 


Yi«;s 


fi'UHN ( 

)FF SV^ 


^ NO 


rrURN ON SW hrURN ON SW 


rURN OFF 


Figuiv 4.22: Luffic rcHiuired for generating the switching sequence for trajectory law 
controlh'r 
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(B) (C) 

Initial State = (0.3, 0.3) 

l)<*.sirccl Average output voltage = 0.5 p. u. 

Desired out])ut voltage ripple = 5 % 


Figun' 4.23: d'he simulation of trajectory law controller with initial condition 
(0.3, 0.3) 
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(B) (C) 

Initial State = (1,1) 

Desired Average output voltage = 0.5 p. u. 
Desired output voltage ripple = 5% 


Figurt' 4.24: I’lu' simulation of trajectory law controller with initial condition (1,1) 
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Initial State = (0.4,1 -3) 

Dc'sin^d Average output voltage = 0.5 p. u 


Desired output voltage ripple — 5% 

Figure 4.25: Th(' simulation of trajectory law controller with initial condition 
(0.4, 1.3) 
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4.4 Conclusions 

'I’lu' (•c)iiv('rl,<'r opc'ratioii under following control strategies has been simulated 

• ln[)ut curn'iit limit and output voltage limit control 

• St.ored ('iK'rgy U'v<'l control 

• 'IVajt'ctory law control 

'I'Ik' conv(‘rt,('r r<‘.a.ch('s a lixed steady state under all three strategies, starting from 
dilleri'iit op('rating points. The converter operation under the third strategy, attains 
th(' d('sire<l st(>ady sl.atc' in one operating cycle, however this controller is a com- 
pl('X ami nHjuire a inicroc.oinputer based system for implementation. The first two 
controllers ari' simph'r to make but takes more time to reach a desired steady state. 



Chapter 5 


Conclusion 

'Flic f>;<‘iu‘ra.l (iualit,aiiv<' iiiV(^Ktigation of Buck Boost dc-to-dc converter, has been 
ill this tlu'sis. The state plane analysis approach, employed in this in- 
vest.i>>;al.i<)ii, reveals the faniilkw of state trajectories which system state must follow 
during swit<'h off tinu' and switch on time as a result of system governing law. The 
use uf these independent state trajectories has been shown to be a valuable method 
for a,nalysis of t.lu' converter. 

In cha.pt<‘r 2 an analytic equation, each for on time trajectory and off time tra- 
j<><-t,ory has Ixmui ohtaiiu'cl apart from normal time domain solution. The expression 
for oif t.iine trajectory involves the slope(^) of the polar vector describing the off 
tiuu> 1,raj<'ct,ory as a parameter. These expressions allow direct on line determination 
of th(‘ state tra,j<>ctory. 

F’urtlu'r the w(dl known analysis, neglecting the ripple in vc k h (appendix D) 
has he<>n corrcdatixl to the state trajectories, in the form of a tangent point. The off 
tinu' traj('ctory has Ix^en shown to have a distinct peak in capacitor voltage. This 

p<'ak point lii's along the stright line having slope of IjRn- 

d’he jierformance curves obtained in chapter 3 are in normalized form and can be 
used for a variety of converter operations. The technique based on these performance 
curves for designing the values of inductor and capacitor has been suggested. It has 
b(x>n shown that a per unit resistance of value in the range of 2-2.5 at the rated 
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c)l)('ta.litif>; point jcsuHh in an optimal values of inductor and capacitor. A higher 
valuo of i)(’i unit losistance, increases the value of capacitor without resulting the 
.signifi<-ant n'duction in value of inductor. 

It ha,,s Ix'i'ii shown with the help of performance curves that a steady state op- 
('rai.ion at. higlu'r value's of per unit load resistance results in lowering the switching 
Jn'gii.cnct/^ for a, give'ii value' eif percentage ripple. The study of the performance curve 
in high uortuahsed frequency region show that the average output voltage and duty 
ratie) a.re‘ inele'pe'nelent eif eipeuation time in this region. 

1 he' eipe'rafiein of t.lu' e'onvcrter under three different control strategies has been 
studie'd in ediapte'r 4. ddie'se' strate>gies are as follows 

• In|mt curre'iit liniit anel eiutput voltage limit controller 

• Steire'd e'lie'i’gy leve'l e-.emtre)ller 

• d'ra.je'e-te)ry la.w e-eintreille'r 

'File' first, t.wei strat.e'gie's e'lnpleiy limits on variables or energy to generate the switch- 
ing .se'epie'ne'e'. Heiwe'veir in the third strategy, the equations of state trajectories 
constituting tlu' uni(ju<' n'fpiin'd steady state are used as a boundry for switching 
on or off. In all these strategies the operating frequency and duty ratio are not 
('xplicitly controlli'd. It has been shown with the help of simulated response that, 
tlu' conv('rt(*r running under the trajectory control law achieves the required steady 
stat<' operation in oiu' switehing(on/ofF) cycle 


5.1 Recommendations for Future Work 

• A inon' d('tail(’d model of converter using series resistence of inductor (L) and 
capacitor (0) can be simulated to obtain more accurate performance curve at 
chapter 3. 
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• 1 li<’S(' curvt'K have' hcieu obtained for continuous current conduction mode of 
(•onv('rt,<'r ojx'rat.ion. Tlu'y can be extended to include the discontinuous con- 
(hictioii inod(' of oix'ration. 

• d'lx' nu'thod oi designing the values of inductor and capacitor can be modified 
to include tlu' cost of Ij and (1 as factor deciding the exact value of L and C. 
'I'lx' most ('conomical values of L and C can be obtained by this method. 

• 'File n'sponsi' of diffiTent controllers in chapter 4 can be compared to bring 
out the relative marits and demerits. 

• 'Fhe i)ra,et.ica,l impk'inentation of the trajectory law controller can be carried 


out,. 
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Appendix A 


Time Domain Solution of State 


Equations During Off Time 
Interval 


riic state efuialioii during switaii of! period are 


dl' 


lin 


■I'Cn 


■f / /,» 


(A.l) 

(A.2) 


'Fhe tiiiH' doniaii) solution can b<^ obtained by separating the variables iin and 
vr'„ fiHHii above (‘(piations. 1'lius the etpiations obtained by separating the variables 
are 


dt't ^ H„ di.,^ + 

(A.3) 

^ Lfi . ^ 

Hu dl n 

(A.4) 


'I'lu' charactristic ('qation of these differential eqations can be written as 

.s'^ + (ii-s + = 0 where ai = — ,02 = 1 

tin 
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'I’tu' roots of (■harat<n-isiic eqation are 



1 h<'S(' roots hav(' three i)ossible forms, depending upon the quantity — ij. 
lleiicf' th(' solution also will have three forms as shown in the table below 


( 'a,s(' (\)n(lit'K)n 

Nature of 

R.oots 

Descriptive 

Name 

Form of Solution 

1 a'f > 

rc'al and 

uiuxiual 

over 

damped 


2 af - -la, 

real and 

<'(iual 

critically 

damped 

{ki + 

8 a'f < -la, 

complex 

conjugate 

under 

damped 

e‘'‘(^iCOs(a;t) + k2sin{ujt)) 
where, cr = real(si) and oj = 

imaginary(si) 


Where ki and k'j are. integration constants and can be calculated from knowledge 
of initial conditions of variable. 

L(‘t, the initial condition of the converter at the start of switch off interval be 

solution of equations (A.3) and (A.4) and the values 

of tlu' intigration <x)nstants can be written as follows 
Case 1 (lin < 1/2) 

van = 
iin = 


(A.5) 

(A.6) 


i 

(S1-S2) 


i^Ln)off - i4n)off{^ + 


Where 
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I, 

li, 


1 

(.V .Vl) 


I 

(■■■• M) 
I 


\{i'r, ,)<>{! + •'<2 (*"„)«//] 


('uso'liH,, 1/2) 

rr„ (/!,. I Knr"' 

n.u (••), I 

Whciv 

-I (''I’.W/ 

1 li,) 1 i>-h,Xii 

/A (''/„),// 1 

CaHcIM/.',, • !/2) 

'’f„ f "'"{ .li.fO.siu;/,,) 4 li„.HW{ut,n)) 
It „ ( '"’M .-l.rw(u,'/„ ) f H,dn(u}tn)) 


\V 1 HT(‘ 

(I'!'-,,),,// 

•t. (^LW/ 


(A.7) 

(A.8) 


(A.9) 

(A.IO) 


Appendix B 


The Analytic Equation of Off 
Time Trajectory 


I he r<‘lat ioti.sliips Ix'twcc'ii between '(V;„ and obtained from state equa- 

t icjus duriii.i>, olf t iine is 


/ ti 'll 

I’he s*)hitioit of e(iiiation B.l <'an b(‘ obtained by using substitution 


(B.l) 


fi.f, 


(B.2) 


By dilFrenf iatiug (xjuation H.2, we get 
thin , d.r 

Substituting e<juation (B.2) and (B.2) in (B.l) we get 


■r d i'(-,i 


ilx 


/AdV’n 


'V/„ - /4.ny.-n 
if V(',i /. il we can write 

itx ^^'11 


■r 4' Vf,i 


dvm 1 - 


(B.3) 
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dve^ 


R.,,x 


1 


— 3: -f- 


dx 




1 


2 - X + RnJ 2Rn \RnX^ - + 1 


dx 


(B.4) 


(B.5) 


'I'lu' solution of <'(iuation (B.5) can be written as 

hi{nc„) =-- I pdx - j qdx + C (B.6) 

wh<‘n‘ (’ is the constant of integTation. 

• The first term i.(^ f pdx is of the form / Hence the solution of first term is 

I pdx -i/n(/4.r'-.r + /?,„) (B.7) 

• 'File solution of tlu' s('(X)nd term can be obtained by rearranging the denominator. 
llow<>v('r t,h<> (h'nominator has to be rearranged in three different forms depending 
ujjon the value of /f.„ such as 


1 . For R„ < 1/2 






-dx 


(B.8) 


wlu're A = 




■2R„ 


'Fhend’on' solution of second term in this case is 

/• , 1 , f2RnX - 1 - 2RnA \ 

2. For ft. = 1/2 


(B.9) 


J'R^ = l-yjr 


-dx 


{x-ir 

H(mce the solution can be given as 


J qdx 


1 


(a; - 1) 


(B.IO) 
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8. For /4, > 1/2 




2fc + ^^ 


dx 


wlu'H' A 


2Un 


Hcncc Koluiion is 



1 -1 
—tan ^ 

yl 

1 

—tan 

21 



2FiaX - 1 \ 
2RnA ) 


(B.ll) 


'I'lius tlx' solution of (xiuation B.l can be written from equations B.6 through 
B.ll as follows 
• I'^or Ry < 1/2 


/n((V'n) 


■-ln{RnX^ 


X + Rn) + 


1 


ARnA 


In 


f 2Rr,x - 1 - 2RnA \ 
\2RnX — 1 2RtiA) 


+ C (B.12) 


• For R,, = 1 /2 

/7, = -ln{x - 1) + — ^ + fn(x/2) + C (B.13) 

X + 1 


• For/4 > 1 /2 

/if'('V'n) = -\-Ri{R^yx^ - X + i?,i) + ^ ^ 

'I'o calculate th<' value of constant ‘C\ the knowledge of a converter state during 
off l.iniK' int<Tval is rexjuired. The converter state along iin a^xis of state space can 
not 1)(* UK(xl for this purpose, since these equations are obtained from assumption 
that V(;n 0,as stated above . 

It can be seen from equation B.l that 

when Van — Rn^ln 

dvon _ Q 
diiii 
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I his implies that, ilu' off time trajectory will have a peak capacitor voltage when 
llemv ‘■oiulitioii that can be employed to calculate C,is 
1 


(’r, at 


R. 


(B.15) 


In 


i'hus the ('(puition for olf time trajectory can be given as 
• Ear - 1/2 

' 'V,, \ 


e, 






In ( -— + ]) + -L- In ^ ~ ^ ~ {\+^nA)\ 


IE 


ARr^A \ {2RnX - 1 + 2RnA) (1 - 2R,A) J 

(B.16) 


Wlu^n* 


.r 

*V J 


Bt 'n 


In 


Ear H„ 


1/-. 


'V 


pt nk 


hi (.r — 1 ) ~| — 1 


For ^1/2 


hi 


Or 




l>f tik , 


X — 1 


2 I'"' R,, ^ ^ 2RnA 


tan' 


j f2RnX - 1 


2RnA 


— tan' 


(B.17) 


1 

m^AJl 

(B.18) 


Where 


Um. 

”1 -n 


k 4 


A 


I 

TIE 



Appendix C 


Expression for the Normalised 
Stored Energy 


I’Ik' total Htor('(l ('lu'rgy in a converter system is given by 




'lx 




= + -C (ucnKjc)^ 

= jCKii (iL + •?„.) 

L(^t tlu' base stored energy be defined as 


= jCKi 

I'lms th(' normalised stored energy of the converter can be given as 


K. 


Hn 




‘Ln 


+ 4n) 


(C.l) 


(C.2) 


(C.3) 





Appendix D 


Analysis of converter under low 
ripple, high frequency 
approximations 


l-’ur the <'on\H*rl.cr at, high switching frequency, the variation in inductor 

nil rent (/, „ ) and i-apacitor voltago(nf,'n) f-an be approximated as a linear variation. 
I he figure 1). 1 shows a steady state cyde of such operation. 

Due to th<‘ liigh switching frequency Lon and Uji will be very small. Hence the 
<-t.nverter behaviour can he described using the following equations 


Morlo I (d'o/v and Dofi-) 


il vm ^ 

Az/.n » Atn=DT, 


A1 - 

" “ Rn 


DTn 


(D.l) 

(D.2) 


Mode- -2 (Soiv and 1'>on) 




-VCi^tn - — Vcn(l " 


(D.3) 

(D,4) 
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I). 1: A st<'.a(ly st,at(i operation at high switching frequency 


If t he capacitor is larg(' we can assume that 


'v*,, « 

^ h/rtitv 

During tlu' steady stat(> condition 


(D.5) 


M = jAwo'nof Mode-2| (D 6) 

Mode 1| = |A«i,n<>f Mode-2 1 

lienee from eciuations D.l, D.3 k D.6, we can write 

/ = ^ (D.7) 

Rn 1 - 1) 

If th(‘ .s(*rir<‘ resistance of the capacitor is neglected Vcna. = Hence equation 
1).7 can b{‘ written as 




'■■nm 


= 


1 

\~D 


Similarly from equations D.2, D.4 & D.6, we can write 


VOav 


1) 

1 - D 


(D.8) 


(D.9) 



